Finite-difference solutions to the eikonal equation have been determined by a variety of methods. Solutions to isotropic methods have been extended to include anisotropic media. The following scheme computes traveltimes based on a finite-difference approximation to the eikonal equation for transversely isotropic (TI) and isotropic media (a special case of TI media). The method expands along wavefronts by following minimum traveltimes to honor causality. The proposed method is valid for weak to moderate levels of anisotropy as defined by Thomsen's parameters. A method to determine raypaths using the reciprocity principle for the purpose of tomography is also presented.
Introduction
Both seismic imaging and inversion techniques are highly dependent upon accurate traveltimes within a geologic model. The accuracy of these computations is associated with the method used for determining the true minimum traveltime from a source point to a scatter point. Ray tracing techniques are used to estimate traveltimes though they suffer from a lack of traveltime information in shadow zones and the inability to locate true minimum traveltimes (Vidale, 1988) . Finite-difference solutions to the eikonal equation calculate traveltimes at every grid point thereby alleviating problems encountered in ray tracing. This paper presents a 2-D, finite-difference, traveltime and raypath calculator for TI media that can be used for Kirchhoff migration and seismic tomography.
A finite-difference solution to the eikonal equation was introduced by Vidale in 1988. However, Vidale's algorithms could not handle large velocity contrasts. This algorithm was subsequently modified by Van Trier and Symes (1991) , Podvin and Lecomte (1991) , and Qin et al. (1992) to honor causality in isotropic media. Dellinger (1991) , Eaton (1993) , and Lecomte (1993) extended the causal algorithms to address anisotropy. The scheme proposed in this paper customizes the expanding wavefront technique proposed by Qin et al. for a square-grid design. Eaton's hexagonal-grid method is similar to this scheme, but uses the elastic stiffness tensor to define anisotropy as opposed to the Thomsen parameters employed in this method. The proposed technique also exploits Huygens principle to account for travel paths that include headwaves. The raypaths for source-scatter point pairs are calculated following the principle of reciprocity method described by Matsuoka and Ezaka (1992) and Asakawa and Kawanaka (1993) .
Method
The proposed technique uses the algorithm from Qin et al. to attempt to honor causality by expanding wavefronts along minimum traveltimes. Anisotropy is introduced into this method by considering a constant, angle dependent phase velocity (V(θ)) in each cell of a square-grid cell model. The Thomsen (1986) anisotropic parameters (ε,δ,γ,α 0 ,β 0 ) are also assumed to be constant in each cell. The method begins with a source point (S), designated as an accepted point (see Figure 1 ). The traveltimes of points surrounding the accepted point are estimated and the point with the minimum traveltime becomes accepted. This process is repeated until all points in the grid have accepted traveltimes. Vidale's algorithm is used to calculate the horizontal and vertical grid points (A, B, C, D in Figure 1 ) surrounding the source. This method assumes that the plane wave propagation angles are 0° and 90° with respect to vertical. Thomsen's phase velocity (V(θ)) equation is used to calculate the velocity at both propagation angles.
Two approaches are used to calculate the remaining grid points. Figure 2 shows the first approach. Given three computed traveltimes at points a, b, and c, the angle of propagation within the cell is determined. Thomsen's V(θ) is used in Vidale's extrapolation equation to calculate the traveltime to point d.
The second approach, shown in Figure 3 , also has three known traveltimes (A 1 , B 1 , C 1 ). This approach implements Huygens principle by linearly interpolating between points A 1 , B 1 , and C 1 to derive secondary sources. The propagation angle is determined based on the position of the Huygen secondary source relative to the unknown traveltime point D 1 . The minimum traveltime from the interpolated Huygen secondary sources to D 1 is chosen to be the traveltime at that point. The application of these processes allow for the traveltime calculation of all grid points. A method is proposed for approximating raypaths based on the principle of reciprocity. This principle states that a ray will follow the minimum summed traveltime path of the backward and forward propagations. The previously described eikonal equation method is used to solve for the forward propagating traveltimes with the points between the grid nodes obtained via linear interpolation. Backward propagation uses the velocity found from forward propagation to calculate the minimum traveltime from the receiver to the cell boundary. For isotropic media, the location of the minimum summed traveltime from the receiver is established by the intersection of V(θ) and the cell boundary and is the new receiver location for the next cell (Figure 4 ). This process continues until the source and the receiver are collocated. In an anisotropic medium, the raypath is not oriented normal to the wavefronts ( Figure 5 ). However, the ray angle (φ) can be computed from the phase angle (θ ) and the known anisotropic parameters within the cell. Using this ray direction, the intercept at the cell boundary can be determined. It follows that the reciprocity based raypath estimate is limited by the accuracy of forward traveltimes.
intercept point
Receiver location φ V(φ) Figure 5 : The phase angle (θ) for an anisotropic cell can be estimated from three known traveltime grid nodes. The ray angle (φ) is then determined from the phase angle and anisotropy parameters. The intercept point is found at the intersection of V(φ) and the cell boundary.
Examples
The first example shows the traveltimes within a constant velocity anisotropic media defined by the Thomsen parameter values of δ=0.2, ε=0.2, α 0 =5000m/s and β 0 =3000 m/s for P-wave simulation. These parameters correspond to the special case of elliptical anisotropy. The traveltimes are computed on a 50 x 50 meter grid with cell dimension of 10 x 10 m. Figure 6 shows the contours of traveltimes with a source at the surface location x=250 m. The error, computed by comparing the finite-difference versus the analytically computed traveltimes, is shown in Figure 7 . Notice that the error is largest in areas where the wavefront has the greatest amount of curvature. This is a consequence of trying to fit a plane wave to a curved wavefront surface. Figure 8 shows another constant velocity, anisotropic medium with moderate values of δ=0.2, ε=-0.2, α 0 =5000m/s and β 0 =3000 m/s. The model is also a 50 x 50 grid with the source at the surface location x=250 m. Figure 9 shows the error, computed by comparing the finite-difference and the analytically computed traveltimes.
As in Figure 7 , the error is similarly correlated with areas of high curvature. The raypaths for the second model are now determined by taking the gradient of the traveltime map in Figure 8 . The correctness of the raypath is limited by the accuracy of the forward propagation and is reflected in the quiver plot shown in Figure 10 . Areas having a large amount of curvature on the wavefront are not precisely estimated and thus represent a poor estimate of the raypath. Raypaths are drawn on Figure 10 to illustrate this correlation. In constant velocity anisotropic media, the raypaths are straight. Figure 10 clearly illustrates that this is not the case. In this case the raypath from a buried receiver will not intersect with the source. With the proposed ray determination method, the raypath will intersect the source point at the cost of implying variable anisotropic velocity. 
Conclusions
Further testing is required to determine the robustness of the algorithm presented. Recent testing suggests this method may be advantageous in calculating more accurate anisotropic traveltimes and in computing time in comparison to similar methods. Results are encouraging and indicate that additional work and/or application of this technique should be pursued.
